We prove for totally monotone set functions defined on the set of Borel sets of a locally compact r-compact topological space a similar decomposition theorem to the famous Yosida-Hewitt's one for finitely additive measures. This way any totally monotone decomposes into a continuous part and a pathological part which vanishes on the compact subsets. We obtain as corollaries some decompositions for finitely additive set functions and for minitive set functions.
Introduction
The interest in obtaining a decomposition à la Yosida-Hewitt [17] for additive measures on a measurable space has now been recognized for more than 50 years. Among other merits this decomposition theorem allows to separate a continuous additive component of a finitely additive measure from its ''pathological'' purely non-continuous part. Since Choquet's [4] seminal contribution to the study of capacities in potential theory, there has been a growing interest for non-additive set functions in various scientific fields such as artificial intelligence, game theory or decision theory. Of particular interest is the theory of evidence [15] , the transferable belief model [16] based on totally monotone set functions (conjugate of infinite alternated capacities), or the theory of possibilities [8] and fuzzy sets [18] based on maxitive set functions. The question arises of knowing if such a decomposition à la Yosida-Hewitt can be maintained for these set functions (see [12] ). A first positive attempt has been achieved in [3] where the study was devoted to countable measurable spaces. It was established that a totally monotone set function could be decomposed into a pathological part vanishing on finite sets and a continuous part. Our aim here is to pursue in this direction, and to consider the topological case: locally compact and r-compact topological spaces. We will provide a natural decomposition into a pathological part that vanishes on compact sets and the other part being s-continuous, a strictly weaker condition than r-continuity.
Section 2 introduces the needed preliminary material, including the Choquet's integral representation theorem. In Section 3, we state and prove for totally monotone set functions on a locally compact r-compact topological space a natural generalization of the Yosida-Hewitt decomposition for totally monotone set functions on PðNÞ [3] . As a byproduct we retrieve some decompositions for finitely additive measures and for minitive measures. Section 4 extends these results for totally monotone comonotone additive functionals on the set of non-negative bounded Borel functions.
Definitions, notations and preliminary results
Let (X, s) be a Hausdorff topological space and B the r-algebra of Borel sets. The set of compact subsets will be denoted by K and the set of closed subsets by s 0 = {O c : O 2 s}. For A & X, A o denotes the interior of A and A its closure.
Our hypothesis from now is that X is a locally compact r-compact topological space 1 (e.g. R n ). Or equivalently (see Corollary 2.70, p. 58 in [1] there exists a sequence
A real valued set function v on B is said to be a set function if v(;) = 0. A set function is said to be monotone if 8A; B 2 B; A & B ) vðAÞ 6 vðBÞ. Hence v is non-negative i.e. v P 0. Given an integer K P 2 a set function v is said to be monotone of order If a set function v is monotone and monotone of order K for all K P 2, v is said to be totally monotone. Furthermore, if v(X) = 1, v is a belief function [15] .
Important subclasses of totally monotone set functions are constituted of minitive set functions [12] and measures. A set function v is said to be minitive if 8A; B 2 B; vðA \ BÞ ¼ minfvðAÞ; vðBÞg Furthermore, if v(X) = 1, v is a necessity measure [8] .
A set function v is a (finitely additive) measure if it is non-negative and finitely additive i.e., if 8A; B 2 B; A \ B ¼ ;; vðA [ BÞ ¼ vðAÞ þ vðBÞ. Furthermore, if v(X) = 1, v is a probability.
A measure v is r-additive if for all sequences of disjoint sets fA n g n & B it holds vð[ n A n Þ ¼ P n vðA n Þ. Or equivalently v is r-continuous i.e., where A n "(#) A stands for:
A measure v is called purely non r-additive if all r-additive measures l such that 0 6 l 6 v are constant l = 0. The classical decomposition version of finitely additive measures states.
Theorem (Yosida-Hewitt [17] ). Let v be a measure on B. There exists a unique couple of measures ðv 1 ; v 2 Þ such that v = v 1 + v 2 where v 1 is r-additive and v 2 is purely non-r-additive.
A simple way to construct a purely non-r-additive measure is the following. 1 For our interest, X will not be compact.
Example 1 (Example 10.4.1, p. 245 in [11] ). Let v be a measure on BðRÞ. If v vanishes on the compact sets then v is purely non-r-additive.
The sufficient condition in Example 1 is related to a weaker condition than r-continuity:s-continuity. A set function v is said to be s-continuous at A 2 B if
A set function v is said to be s-continuous 2 if it is s-continuous at any set A 2 B. The property of being scontinuous can be reduced to s-continuity at X [13] . (if). First we prove s-continuity from below. Let A 2 B and {O n } n & s be a weakly increasing sequence where [ n O n = X. By monotonicity of order 2 we obtain,
By monotonicity and s-continuity at X we have
Let us prove now s-continuity from above at any set A 2 B. Let {F n } n & s 0 be a weakly decreasing sequence converging to ;. Monotonicity of order 2 gives,
By s-continuity from below at A and X we get
The notion of s-continuity can be reformulated as a kind of regularity at X. 
Proof. (if)
. According to Proposition 1 it suffices to establish s-continuity at X. Let {O n } n & s be a weakly increasing sequence with [ n O n = X. For any K 2 K there exists n K such that K & O n for n P n K , thus vðXÞ ¼ supfvðKÞ : K 2 Kg 6 lim n vðO n Þ 6 vðXÞ.
(only if). Since X is locally compact and r-compact there is a weakly increasing sequence of compact sets A subfamily F of B is said to be a filter (see e.g. [1] , p. 31) if,
Let F be a filter of B, define the filter game u F ,
0 otherwise: & Filter games display in fact a stronger property than monotonicity of order 2, they are totally monotone (e.g. see Proposition 3 in [10] , Proposition 1.2 in [7] ). From Proposition 2, we can simply characterize s-continuity for unanimity games: u T is s-continuous if and only if T 2 K. In contrast, r-continuity is a much more demanding condition: u T is r-continuous if and only if T is finite. 4 The following example, inspired form Example 10.4.4, p. 245 in [11] , presents a s-continuous filter game which is not an unanimity game. [7] ). v t is not an unanimity game since it is not continuous from above: for ½t À 1=n; t þ 1=n # ftg we have v t ð½t À 1=n; t þ 1=nÞ ¼ 1 for all n and v t ({t}) = 0.
Thus, v t is not r-continuous. It turns out that v t is purely non-r-continuous: let A n = (À1, t À 1/n) [ {t} [ (t + 1/n, +1), for any r-continuous totally monotone set function b such that 0 6 b 6 v t we have b(A n ) 6 v t (A n ) = 0 for all n thus bðRÞ ¼ 0. However, v t is s-continuous from Proposition 2 since v t ð½t À 1; t þ 1Þ ¼ v t ðRÞ.
We can now formulate the notion of purely non-s-continuity with respect to totally monotone set functions. A monotone set function v is said to be purely non s-continuous (pure, for short) if all b s-continuous totally monotone set functions such that 0 6 b 6 v are constant b = 0.
Similarly to the countable case we obtain a characterization of purity in terms of compact sets. Proof. (if) Let b be a s-continuous totally monotone set function with 0 6 b 6 v. As X is locally compact and r-compact there is a weakly increasing sequence of compact sets K n such that
The following example, presents a purely non-s-continuous filter game which is not an unanimity game.
Example 3. Define a set function v K on B in the following manner,
& This set function is clearly monotone and monotone of order 2 and {0, 1}-valued thus a filter game. As X is locally compact and r-compact there is a weakly increasing sequence of compact sets K n such that
In order to obtain a proof of our decomposition theorem for totally monotone set functions we shall use a version of Choquet's integral representation theorem (see p. 268 in [9] ). An alternative approach could have started directly from [10] 's work, but for sake of continuity we proceed as in [3] .
Let us recall the setting. Let U be a nonempty compact convex subset of a locally convex Hausdorff vector space L It turns out (see [2, 4] , pp. 260-261), that the set exðUÞ of extreme points of U consists of the filter games, in other words of the {0, 1}-valued belief functions, those that take only the values zero and one.
Denote with R U the smallest r-algebra of subsets of exðUÞ making all elements of AðUÞ jexðUÞ measurable. For A 2 B, put e A ¼ fu F : u F ðAÞ ¼ 1g. Consider the application h A : L ! R : v7 !vðAÞ, where A 2 B. h A is affine and continuous by construction, hence h AjexðUÞ is R U -measurable. So fh AjexðUÞ P 1g ¼ e A 2 R U . According to Choquet's integral representation theorem, there exists a r-additive probability m v on exðUÞ such that 8A 2 B,
A detailed exposition of this method with a sharper result can be found in [2] .
Decomposition of totally monotone set functions
Since our aim is to provide a decomposition theorem for totally monotone set functions we first start with a useful lemma for filter games.
Lemma 2. Let u F be a filter game on B. Then u F is either s-continuous or pure.
Proof. If u F is s-continuous then it cannot be pure since u F P u F 6 ¼ 0.
If u F is not pure, from Lemma 1 there exists K 2 K; K 6 ¼ ; such that u F ðKÞ > 0, thus u F P u K . But since u K is s-continuous at X, u F is also s-continuous at X, thus s-continuous. h Proof. If v(X) = 0 it is immediate. Without loss of generality we will assume that v is a belief function i.e. v(X) = 1.
Let us denote with exsðUÞ (resp. expðUÞ) the set of s-continuous (resp. pure) extremal elements of U. Lemma 2 asserts that the set of pure extremal elements of U is the complement of exsðUÞ within exðUÞ.
From Lemma 1, we obtain that the set of pure extremal elements of U consists of the filter games which vanish on the compact sets. As X is locally compact and r-compact there is a weakly increasing sequence of compact sets K n such that
and exsðUÞ
Now R U being a r-algebra, we have expðUÞ; exsðUÞ 2 R U . By the monotone convergence theorem we can check that v c is s-continuous. Let {O n } & s be a weakly increasing sequence converging to X. We have,
As for purity, since u FjK ¼ 0 for pure filter games, integration on expðUÞ entails that v pjK ¼ 0. It remains to prove the uniqueness property of the decomposition. Let (v 1 , v 2 ) be another decomposition where v 1 is s-continuous and v 2 is pure. For A 2 B, we have by s-continuity,
We retrieve a Yosida-Hewitt decomposition theorem for measures and also for minitive measures, Proof. Let A; B 2 B with A \ B = ;. We have, 
Extension to Choquet functionals
A canonical way to extend our study of the Yosida-Hewitt decomposition of totally monotone set functions to functionals is to consider the Choquet integral [4] . Let v be a totally monotone set function on B and f be a non-negative bounded measurable i.e. f 2 B þ 1 ðX; BÞ (B for short), the Choquet integral is given through
where the integral under consideration is a Riemann integral. An essential property of the Choquet integral is to be additive for comonotonic functions [5] , Chapter 4 in [6] ,
8x; x 0 2 X; ðf ðxÞ À f ðx 0 ÞÞðgðxÞ À gðx 0 ÞÞ P 0;
or equivalently for all t; t 0 2 R,
A functional I : B ! R is totally monotone if f P g ) I(f) P I(g) and 8n P 1; 8f 1 ; . . . ; f n 2 B; I _ The definition of s-continuity and purity can be adapted in the functional setting. A monotone functional I is said to be s-continuous if
A monotone functional I is said to be pure if all Js-continuous totally monotone comonotone additive functionals such that 0 6 J 6 I are constant J = 0. We can characterize further the functionals associated to s-continuous totally monotone set functions. (only if) Assume v is s-continuous. Let {g n } n 2 LSC c such that g n 6 g n+1 for all n and _ n g n = a AE 1 X and
Since v is s-continuous we have v O t n \ A t À Á " vðA t Þ, and via the monotone convergence theorem we get
where k is the usual Lebesgue measure on R.
For the second part, since v is monotone the strict inequalities in the Choquet integral can be replaced by weak inequalities.
Let
and via the monotone convergence theorem we get Proof. (only if) Let J be a totally monotone comonotone additive functional such that 0 6 J 6 I. As X is locally compact and r-compact there is a weakly increasing sequence of compact sets K n such that Similarly to the case of set functions we can characterize purity of a Choquet functional I through upper semi-continuous functions with compact support: I jUSCc ¼ 0. Let f 2 USC c . We have f 6 max f1 S(f) 2 USC c so I(f) 6 max fI(1 S(f) ) = max fv(S(f)) = 0 (by Lemma 1). For the converse: 1 K 2 USC c for any K 2 K, thus v(K) = I(1 K ) = 0, so v is pure, thus I is pure.
We have a similar Yosida-Hewitt decomposition for totally monotone comonotone additive functionals. Building on Example 2, we can construct a totally monotone and comonotone additive functional which is s-continuous. This functional plays the rô le of the lower limit at x, x 2 X. Consider the filter In particular, for f 2 B, f is lower semi-continuous at x i.e., Since for all A 2 coK there exists
This last quantity is simply equal in our setting to,
where fK n g n & K, K n & K o nþ1 , [ n K n ¼ X, since for all K 2 K there exists K n 2 K such that K & K n . In particular, for f 2 B, f is continuous at 1 i.e. 
Concluding comments
In this paper, we have prove a Yosida-Hewitt theorem for totally monotone set functions defined on a locally compact r-compact topological space, which allows one to separate a s-continuous component and a purely non-s-continuous part. A similar result was achieved for totally monotone comonotone additive functionals. Our intention for future researches is to explore the ability of our method, based on the Choquet integral representation theorem, to obtain a Yosida-Hewitt decomposition on measurable spaces.
